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Abstract:  

A radio harmonic mean labeling of a connected graph G is a one to one map f from the vertex set V(G) 

to the set of natural numbers N such that for two distinct vertices u and v of G, 
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( , ) 1 ( )

( ) ( )

f u f v
d u v diam G

f u f v

 
+  + 

+ 

.The radio harmonic mean number of f, )( frhmn  is the maximum 

number assigned to any vertex of G. The radio harmonic mean number of G, )(Grhmn  is the minimum 

value of )( frhmn  taken over all radio harmonic mean labeling f of G. In this paper we have 

determined the radio harmonic mean number of corona  graphs.. 
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1. Introduction 

All graphs considered here are finite, simple, and undirected. Terms not defined here are used in the 

sense of Harary [9]. Let V(G) and E(G) denote the vertex set and edge set of the graph G respectively. 

The channel assignment problems were introduced in 1980 by Hale [8]. The goal is to assign radio 

channels in a way so as to avoid interference between radio transmitters. Motivated by this Chartrand 

defined the concept of radio labeling of graphs in 2001[4]. Radio labeling, labels the vertices of a graph 

with non negative integers such that for any two vertices, the smaller the distance between the vertices, 

the greater the required difference in label. Radio labeling of graphs is applied in channel assignment 

problem, Sensor networks, TV and wireless networks etc... S.Ponraj et al. [11,12,13] defined the 

concept of radio mean labeling of graphs. Motivated by the notion of radio mean labeling we have 

introduced the radio harmonic mean labeling [1,2,14,15].In this paper, we have investigated the radio 

harmonic mean labeling of corona  graphs and also determined the radio harmonic mean number of 

those graphs. 

In this paper, Radio Harmonic Mean Labeling and Radio Harmonic Mean Number are referred as 

RHML and RHMN for briefness. 

 

2. Definitions 

Definition 2.1     

A radio harmonic mean labeling of a connected graph G is one to one map from the vertex set V(G) 

of G to N such that for two distinct vertices u and v of G satisfies the condition 
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d u v diam G
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+  + 

+ 

.A graph which admits radio harmonic mean labeling is called 

radio harmonic mean graph.  

Definition 2.2  

Radio harmonic mean number of graph G is denoted by )(Grhmn . It is defined as the lowest span taken 

over all radio harmonic mean labeling of graph G. 

Definition 2.3 

If G is graph of order n, the corona graph of G with another graph H,   G  H is the graph obtained by 

taking one copy of G and n copies of H and joining the ith vertex of G with an edge to every vertex in 

the ith copy of H. 

Definition 2.4 

Let 1 2, ,..., nu u u  be the vertices of the complete graph Kn. Let  , ,1i iv w i n   be the vertices of ith copy 

of 2K  which are adjacent to iu . Then the resultant graph is called 2nK Ke  graph. 

Definition 2.5 

Let  , :1iu u i n   be the vertices of the wheel Wn and let  , ,1i iv w i n   be the vertices of 2K  

which are joined to the vertex ui of the wheel Wn. Then the resultant graph is called 2nW Ke
 
graph. 

 

3. MAIN RESULTS 

Theorem 3.1 

The radio harmonic mean number of the corona graph 2nK Ke  is
 
3 1 for 2n n+  . 

Proof 

Let the vertex set and edge set be 

 2[ ] , , :1n i i iV K K u v w i n=  e  and  

   2[ ] :1 1, 1 , :1n i j i i i iE K K u u i n i j n u v u w i n
−

=   − +    e U . 

The diameter of 2nK Ke  is 3 for 2n  . 

Define the vertex labels as follows 

For 1 i n  , 

( ) 2 1if u n i= + +  

( ) 2if v i=
 

( ) 2 1if w i= +  

Now, check the radio harmonic mean condition (1). 

In order to verify the definition of radio harmonic mean labeling 
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f u f v
d u v
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+  
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for every pair of vertices of
 2nK Ke . 

Case (1): Verify the pair
 
( , ) for 1 1, 2 , , ( , ) 1i j i ju u i n j n j i d u u  −    =  

2 ( ) ( ) 2(2 1 )(2 1 ) 2(6)(7)
( , ) 1 1 8

( ) ( ) 4 2 13

i j

i j

i j

f u f u n i n j
d u u

f u f u n i j

   + + + +  
+ = +  +      + + + +      

 

Case (2): Verify the pair ( , ) for 1 , , ( , ) 1i j i ju v i j n d u v  =  

2 ( ) ( ) 2(2 1 )(2 ) 2(6)(2)
( , ) 1 1 4

( ) ( ) 2 2 1 8

i j

i j

i j

f u f v n i j
d u v

f u f v n i j

   + +  
+ = +  +      + + + +        

Case (3): Verify the pair ( , ) for 1 , , ( , ) 1i j i ju w i j n d u w  =
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2 ( ) ( ) 2(2 1 )(2 1) 2(6)(3)
( , ) 1 1 5

( ) ( ) 2 2 2 9

i j

i j

i j

f u f w n i j
d u w

f u f w n i j

   + + +  
+ = +  +      + + + +      

 

Case (4): Verify the pair ( , ) for 1 1, 2 , , ( , ) 3i j i jv v i n j n j i d v v  −    =  
 

2 ( ) ( ) 2(2 )(2 ) 2(2)(4)
( , ) 3 3 6

( ) ( ) 2 2 6

i j

i j

i j

f v f v i j
d v v

f v f v i j

     
+ = +  +      + +        

Case (5): Verify the pair ( , ) for 1 , , ( , ) 2i j i jv w i j n d v w  =  

( )( )2 ( ) ( ) 2 2 32(2 )(2 1)
( , ) 2 2 5

( ) ( ) 2 2 1 5

i j

i j

i j

f v f w i j
d v w

f v f w i j

    +
+ = +  +     

+ + +        

Case (6): Verify the pair ( , ) for 1 1, 2 , , ( , ) 3i j i jw w i n j n j i d w w  −    =  
 

2 ( ) ( ) 2(2 1)(2 1) 2(3)(5)
( , ) 3 3 7

( ) ( ) 2 2 2 8

i j

i j

i j

f w f w i j
d w w

f w f w i j

   + +  
+ = +  +      + + +         

In all the above cases, f  satisfies the radio harmonic mean condition (1). 

Thus, f is a radio harmonic mean labeling and 
2nK Ke  is a radio harmonic mean graph. 

Hence, the radio harmonic mean number of the corona graph 
2nK Ke  is 3 1n +  for 2n  . 

Illustration 3.2 

RHML of 
4 2K Ke  is given below. 

 
Fig. 3.1: RHML of 4 2

K Ke
 

 

Theorem 3.3 

The radio harmonic mean number of the corona graph 
2nW Ke

 
is 3 2n +  for 3n . 

Proof 

Let the vertex set and edge set be 

 2[ ] , , , :1n i i iV W K u u v w i n=  e  and  

     2 1 1[ ] , , :1 :1 1n i i i i i i i nE W K uu u v u w i n u u i n u u+=     −e U U .  

The diameter of 2nW Ke  is 4 for 3n  .  

Define the vertex labels as follows 
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( ) 3 2f u n= +  

For 1 i n  , 

( ) 2 1if u n i= + +  

( ) 1if v i= +
 

( ) 1if w n i= + +  

Now, check the radio harmonic mean condition (1). 

In order to verify the definition of radio harmonic mean labeling 

2 ( ) ( )
( , ) 5

( ) ( )

f u f v
d u v

f u f v

 
+  

+ 
 

for every pair of vertices of 
2nW Ke . 

Case (1): Verify the pair ( , ) for 1 , ( , ) 1i iu u i n d u u  =  

2 ( ) ( ) 2(3 2)(2 1) 2(11)(8)
( , ) 1 1 11

( ) ( ) 5 3 19

i
i

i

f u f u n n i
d u u

f u f u n i

  + + +   
+ = +  +      + + +      

Case (2): Verify the pair ( , ) for 1 , ( , ) 2i iu v i n d u v  =  

2 ( ) ( ) 2(3 2)( 1) 2(11)(2)
( , ) 2 2 6

( ) ( ) 3 3 13

i
i

i

f u f v n i
d u v

f u f v n i

  + +   
+ = +  +      + + +    

 

Case (3): Verify the pair ( , ) for 1 , ( , ) 2i iu w i n d u w  =  

2 ( ) ( ) 2(3 2)( 1 ) 2(11)(5)
( , ) 2 2 9

( ) ( ) 4 3 16

i
i

i

f u f w n n i
d u w

f u f w n i

  + + +   
+ = +  +      + + +    

 

Case (4): Verify the pair
 
( , )i ju u  

2 ( ) ( )
( , )

( ) ( )

i j

i j

i j

f u f u
d u u

f u f u

 
+  

+    

Subcase (i): For 11 ,  1,  ( , ) 1 and ( , ) 1i j ni n j i d u u d u u  = + = =  

2 ( ) ( ) 2(2 1 )(2 1 ) 2(8)(9)
( , ) 1 1 10

( ) ( ) 4 2 17

i j

i j

i j

f u f u n i n j
d u u

f u f u n i j

   + + + +  
+ = +  +      + + + +      

 

Subcase (ii): For 1 ,  1,  ( , ) 2i ji n j i d u u   + =  

2 ( ) ( ) 2(2 1 )(2 1 ) 2(8)(9)
( , ) 2 2 11

( ) ( ) 4 2 17

i j

i j

i j

f u f u n i n j
d u u

f u f u n i j

   + + + +  
+ = +  +      + + + +      

 

Case (5): Verify the pair ( , ) for 1 ,  ,  ( , ) 1i j i ju v i j n d u v  =  

2 ( ) ( ) 2(2 1)( 1) 2(8)(2)
( , ) 1 1 5

( ) ( ) 2 2 10

i j

i j

i j

f u f v n i j
d u v

f u f v n i j

   + + +  
+ = +  +      + + + +        

Case (6): Verify the pair ( , ) for 1 ,  ,  ( , ) 1i j i ju w i j n d u w  =  

2 ( ) ( ) 2(2 1 )( 1 ) 2(8)(5)
( , ) 1 1 8

( ) ( ) 3 2 13

i j

i j

i j

f u f w n i n j
d u w

f u f w n i j

   + + + +  
+ = +  +      + + + +      

 

Case (7): Verify the pair ( , )i jv v  

2 ( ) ( )
( , )

( ) ( )

i j

i j

i j

f v f v
d v v

f v f v

 
+  

+    
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Subcase (i): For 1 ,  1,  ( , ) 3i ji n j i d v v  = + =  

2 ( ) ( ) 2( 1)( 1) 2(2)(3)
( , ) 3 3 6

( ) ( ) 2 5

i j

i j

i j

f v f v i j
d v v

f v f v i j

   + +  
+ = +  +      + + +      

 

Subcase (ii): For 1 ,  1,  ( , ) 4i ji n j i d v v   + =  

2 ( ) ( ) 2( 1)( 1) 2(2)(3)
( , ) 4 4 7

( ) ( ) 2 5

i j

i j

i j

f v f v i j
d v v

f v f v i j

   + +  
+ = +  +      + + +      

 

Case (8): Verify the pair ( , ) for 1 ,  ,  ( , ) 2i j i jv w i j n d v w  =

 
2 ( ) ( ) 2( 1)( 1 ) 2(2)(5)

( , ) 2 2 5
( ) ( ) 2 7

i j

i j

i j

f v f w i n j
d v w

f v f w n i j

   + + +  
+ = +  +      + + + +        

Case (9): Verify the pair ( , )i jw w  

2 ( ) ( )
( , )

( ) ( )

i j

i j

i j

f w f w
d w w

f w f w

 
+  

+                  

Subcase (i): For 1 ,  1,  ( , ) 3i ji n j i d w w  = + =  

2 ( ) ( ) 2( 1 )( 1 ) 2(5)(6)
( , ) 3 3 6

( ) ( ) 2 2 11

i j

i j

i j

f w f w n i n j
d w w

f w f w n i j

   + + + +  
+ = +  +      + + + +      

 

Subcase (ii): For 1 , 1, ( , ) 4i ji n j i d w w   + =  

2 ( ) ( ) 2( 1 )( 1 ) 2(5)(6)
( , ) 4 4 7

( ) ( ) 2 2 11

i j

i j

i j

f w f w n i n j
d w w

f w f w n i j

   + + + +  
+ = +  +      + + + +      

 

In all the above cases,
 

f  satisfies the radio harmonic mean condition (1). 

Thus, f  is a radio harmonic mean labeling and 
2nW Ke  is a radio harmonic mean graph. 

Hence, the radio harmonic mean number of 2nW Ke  is 3 2n +  for 3n  .
 

Illustration 3.4 

RHML of 8 2W Ke  is given below. 

 
Fig. 3.2: RHML of 

8 2
W Ke  

 

4.Conclusion 

In this paper, the radio harmonic mean number of corona graphs was obtained. The radio labeling of 

graphs which would have played a very important role in the communication networks. 
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